FoMRHI Comm.  1961                                                                                          John Downing
Albrecht Dürer and the Shape of a Lute – Egg or Ellipse? 
The early Arabic and Persian theorists described the proportions of "that most perfect of instruments" the oud but not its geometric profile (See Comm. 1945).
The earliest depiction of the profile of a Mediaeval oud is the engraving included in an early 
13th C. manuscript copy of the theoretical work Kitab al-Adwar by Safi al-Din Al Urmawi.

(Note 1) The sound board profile is constructed from arcs of a circle – the lower part being a semicircle with the upper part being defined by two equal circular arcs each of radius equal to the maximum width.
Variants of this construction where the upper sound board profile is described by two equal circular arcs of greater radii (proportional to the maximum width) can be found in surviving lutes of the 16th and 17th C and in extant ouds of the 19th C. The lower sound board profiles may be a semicircle or, alternatively, a 'flattened' shape created from five circular arcs (of three different radii) blended smoothly together at points where their tangents are conjunct. (Note 2) All of these profiles can be readily created using only dividers and a straight edge.
By the late16th C.an alternative form of upper sound board profile made its appearance, evident in surviving lutes of the Tieffenbrückers, Hans Burkhöltzer, Michielle Harton and others
(See Fig 1 – a Harton lute). It has been proposed that the upper sound board profiles of these instruments are elliptical curves (Note 3). A true ellipse – formed by the intersection of a plane surface with a cone - may be constructed in various ways but the points (of the curve) generated must then be joined together freehand to produce the required curve  – a procedure that is more complicated and less precise than creating an upper sound board profile from circular arcs.
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Fig 1
Albrecht Dürer published his manual of geometry 'Underweysung der Messung mit dem Zirckel und Richtscheyt' (Treatise on Measurement with Dividers and Straightedge …) in 1525, four books in one volume (Note 4). Written in German vernacular (contrary to scholarly convention of the time) it was intended for practical use by artists, architects and artisans who may not have been familiar with the constructive geometry of Euclid (Note 5) or fluent in Latin.
In Book I, Dürer describes how to create an ellipse from the intersection of a plane surface with a cone using constructive geometry familiar to engineering draughtsmen and tradesmen such as sheetmetal workers (at least, prior to the introduction of computer aided design in the 1980's) (See Fig.2)
The ellipse figure (der lini elipsis) is a projection viewed perpendicular to the intersecting plane   However the ellipse in the engraving is not precisely drawn and so is not quite symmetrical about either the major or minor axes as it should be – looking instead a little 'egg shaped'.
In describing the construction of an ellipse Dürer creates some confusion by stating that "I will call the Ellipse an egg line because it is very nearly the same as an egg" (See Fig 3). 
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Fig. 2
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Fig. 3
This statement by Dürer is sometimes interpreted as evidence that the artist did not understand the difference between an oval and an ellipse. However, he correctly names the ellipse in the engraving as a 'lini elipsis'. All that Dürer is saying, therefore, is that an ellipse is 'very nearly' an oval – not that it is exactly the same shape.
Bird's eggs occur naturally in all shapes and sizes from symmetrical (oval) to the more familiar asymmetrical (ovoid) shape of a hen's egg.
Dürer earlier in Book I describes the construction of an ovoid – engraving #22 (See Fig. 4).  
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Fig. 4
Here the complete ovoid shape is created from six arcs of a circle – a circle of 2 arbitrary units radius, two arcs of 7 units radius (centres a and b), two arcs with centres at f and g and the ovoid  completed with an arc, centre j – all with conjunct tangents.

Dürer's ovoid, however, is only one example of an infinite number possibilites of ovoids (or ovals) created by combining arcs of a circle of various radii. For example:
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Fig 5
Fig.5 shows one of four constructions of an oval described by Sebastiano Serlio in his 'Tutte l'Opere d'Architettura' (published over the period 1537 to 1575) from a combination of three circles of equal diameter arranged to form two 'vesica piscis'.
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Fig 6
An earlier example of ovoid geometry is described by none other than Arnault de Zwolle for his geometry of a lute (circa 1450) – created as part of a 'vesica piscis' - like the Kitab al-Adwar oud - except that the ovoid shape has been completed by an arc of radius R3 (See Fig 6). This profile has a rather odd 'heavily shouldered' appearance for a four or five course lute when fitted with an appropriate narrow neck – not found in any surviving lutes.
Fig 7 is the well known silverpoint drawing of an angel with lute by Albrecht Dürer dated 1497. The lute appears to be of similar 'heavy shouldered' proportions as the de Zwolle lute but more elongated.
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Fig 7
What is the profile of the lute sound board seen by Dürer – is it an 'egg ellipse' - a half ellipse joined to a semicircle (a circle being a special case ellipse with equal major and minor axes) to form a pseudo ovoid - or is it an example of his 'egg line' ovoid construction shown in Fig. 4? 
Fig 8 is an overlay of an elliptical curve upon Dürer's 'egg line' construction. The contruction points of the elliptical curve (indicated by X marks) have been generated using a so called 'Archimedes Trammel' (invented by the ancient Greeks) – a convenient, simple but quite accurate tool. The match of the curves is very close – confirming Dürer's statement that an 'ellipse line' is very nearly an 'egg line' (this approximation holds true as long as the ellipse is of lute upper sound board proportions - See Note 7). Clearly, the egg shape may be infinitely modified by altering the values of R1, R2 and R3.
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Fig 8
Luthiers and other artisans are practical people who would not knowingly choose a complex procedure over a simpler one if either might produce nearly identical results. So why would a luthier of the 16th C go to all of the trouble to design an upper sound board profile for a lute that was (approximately) an elliptical arc when practically the same result might be more easily and accurately achieved by combining circular arcs using only a straight edge and dividers?
The engraving of Gaspar Duiffoprugcar by Pierre Woeiriot made in 1562 (See Fig 9 and Note 6) may provide an answer. It shows the luthier surrounded by his instruments prominently holding one of the tools of his trade – not a plane, saw or chisel but a pair of dividers (Note also the 'in death I sweetly sing' motto underneath the portrait – see Comms. 1848, 1848 and 1860). The frame of the engraving is an oval identical in construction to Fig.5 above.
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Fig 9
A preliminary check with some full size drawings of surviving Tieffenbrucker and Harton lutes indicates that the upper sound board profiles may have been constructed from the arc of an ellipse – i.e. a section of, but not a complete, ellipse (just to further complicate matters). 
On the other hand – given the lack of accuracy inherent in creating an elliptical curve by hand combined with the 'manufacturing tolerance' found in any hand made instrument – a close match with a complete oval profile is, perhaps, a more likely solution? 
More on this in a future Comm. 
Notes

1. A unique copy dated 1333/1334 in the Bodleian Library, Oxford, MS. Marsh 521 folio 157 verso. See also Comms 1819 and 1851.
2. See Comms 1911, 1916, 1919, 1921, 1935, 1936, 1944 and 1945.
3. See 'Lute Design and the Art of Proportion' by Gerhard C Söhne – Appendix 4 of 'Lutes, Viols and Temperaments' by Mark Lindley. From his analysis of the geometries of surviving lutes Söhne demonstrates how the upper sound board profiles of the Tieffenbrücker and Burkholtzer lutes might have been constructed as ellipticle curves (but not as a complete ellipse) - based on a method given by Wendel Dietterlin in his 'Architectura' of 1598.
4. A complete first edition of Durer's book may be viewed in its entirety (or freely downloaded) in high resolution at: http://www.commons.wikimedia.org/wiki/Category:Underweysung_der_Messung.                                       Alternatively there is an original copy available, at time of writing, from bookseller Buddenbrooks of Boston for a mere $52,250.00 (plus $14.00 shipping and handling!).
5. Euclid's 'Elements' of geometry (circa 300 B.C.) originally written in eight books (the eighth book now lost) have come down to us in Arabic translation as well as in the original Greek. Books five to seven are known only from the Arabic translations.
6. From the British Museum free image service - copyright Trustees of the British Museum.Available in high resolution from http://www.britishmuseum.org. Images may be used copyright free under circumstances specified by the Trustees.
7. A computer analysis comparing the fidelity of some historical oval curve constructions  to a true elliptical curve is included by Paul L. Rosin, Department of Computer Science, Cardiff University in his paper 'On Serlio's Construction of Ovals' (Google search or link – Paul.Rosin@cs.cf.ac.uk). He concludes that "the oval approximations of ellipses with low eccentricity are mostly good, and the errors are barely noticeable". An analysis of the Dürer 'egg line' oval is not included in his analysis however.
